Abstract. In this paper, we study the Hopf-Galois structures on a finite Galois extension such that its Galois group G is almost simple in which its socle A has prime index p. Each Hopf-Galois structure is associated to a group N of the same order as G. We give necessary criteria on these N in terms of their group-theoretic properties, and determine the number of Hopf-Galois structures associated to A × C p , where C p is the cyclic group of order p.
is the holomorph of Γ. Alternatively, it is easy to check that Norm(λ(Γ)) = Hol(Γ) = Norm(ρ(Γ)),
where Norm(−) denotes the normalizer in Perm(Γ).
Given a finite Galois extension L/K with Galois group G, by work of [11] , we know that the number of Hopf-Galois structures on L/K is equal to e(G) = #{regular subgroups of Perm(G) normalized by λ(G)}.
In particular, for each group N of the same order as G, the number of HopfGalois structures on L/K of type N is equal to (1.1) e(G, N ) = # regular subgroups of Perm(G) which are isomorphic to N and normalized by λ(G) .
By [2] , this finer count may be calculated via the formula (1.2) e(G, N ) = |Aut(G)| |Aut(N )| · # regular subgroups of Hol(N ) which are isomorphic to G .
The computation of e(G, N ) has been a problem of interest; see [3, 5, 7, 14, 15, 20] for some related work. We shall refer the reader to [9, Chapter 2] for a more detailed discussion on Hopf-Galois structures.
This paper is motivated by the case when G is the symmetric group S n for n ≥ 5. First, by [8, Theorems 5 and 9] , we know that e(S n , S n ) = 2 + 2 · #{σ ∈ A n : σ has order 2}, (1.3) e(S n , A n × C 2 ) = 2 · #{σ ∈ S n \ A n : σ has order 2}, (1.4) where A n is the alternating group and C 2 is the cyclic group of order 2. Also see [8, Corollaries 6 and 10] , which give explicit formulae for these two numbers. The case n = 6 is slightly different because S 6 is not the full automorphism group of A 6 , and as noted on [8, p . 91], we have (1.5) e(S 6 , PGL 2 (9)) = 0 and e(S 6 , M 10 ) = 72, where M 10 is the Mathieu group of degree 10. Recently, the author has shown in [21] that in fact (1.6) e(S n , N ) = 0 only if N ≃    S n , A n × C 2 for n = 6, S 6 , A 6 × C 2 , M 10 , PGL 2 (9) for n = 6.
Hence, the number e(S n , N ) is known for every group N of order n!.
Recall that a group Γ is said to be almost simple if
A ≤ Γ ≤ Aut(A) for some non-abelian simple group A,
where A is identified with its inner automorphism group Inn(A), and in this case A is the socle of Γ. For n ≥ 5, the symmetric group S n is almost simple with socle A n , and A n has index two in S n .
The purpose of this paper is to investigate to what extent the results (1.3), (1.4), and (1.6) for the symmetric group may be generalized to an arbitrary finite almost simple group in which its socle has prime index.
Notation. In the rest of this paper, assume that G is a finite almost simple group with socle A such that A has prime index p in G. Note that then ( 
1.7)
A is the unique non-trivial proper normal subgroup of G.
Also, we shall use the symbol N to denote a group of the same order as G.
For (1.3), as shown in [22, Theorem 1.3] , we already know: Theorem 1.1. We have e(G, G) = 2 + 2 · #{σ ∈ A : σ has order p}
provided that Inn(G) is the only subgroup isomorphic to G in Aut(G).
For (1.4) , in Section 4, we shall prove:
We have
where C p is the cyclic group of order p.
Recall that a group Γ is said to be perfect if it equals its own commutator subgroup [Γ, Γ], and quasisimple if it is perfect and Γ/Z(Γ) is simple, where Z(Γ) is the center of Γ.
For (1.6), we shall study the cases when N is non-perfect and perfect separately. In Sections 5 and 6, respectively, we shall prove: For n ≥ 5, it is known that Inn(S n ) is the only subgroup isomorphic to S n in Aut(S n ). This is because Aut(S n ) = Inn(S n ) for n = 6 and was proven in [16] for n = 6. Also A n fails condition (3) in Theorem 1.4 by the proof of [21, Lemma 2.7] . Hence, Theorems 1.1 to 1.4 imply the case when G is S n .
The converse of Theorem 1.3 is false by (1.5) , and the conditions in Theorem 1.4 are only necessary. By Theorem 1.2, we have e(G, A × C p ) = 0 if and only if G splits over A as a group extension.
However, the author does not know whether there is any simple criterion on an almost simple N with socle isomorphic to A such that e(G, N ) = 0. Also, she does not know any examples G and perfect N such that e(G, N ) = 0. If e(G, N ) = 0 with N perfect, then p divides the order of the Schur multiplier of A by condition (1) in Theorem 1.4. Since p divides the order of the outer automorphism group of A by hypothesis, this already gives restrictions on G. We shall discuss more applications of our theorems in Section 7.
Finally, let us make one remark. The following is due to N. P. Byott. Conjecture 1.5. Given any finite groups Γ and ∆ of the same order, if Γ is insolvable and e(Γ, ∆) = 0, then ∆ is also insolvable.
It is known that Conjecture 1.5 holds when Γ is non-abelian simple [4] and when Γ is the double cover of A n for n ≥ 5 [19] . Recently, it was also shown in [23] that Conjecture 1.5 holds when the order of Γ and ∆ is cubefree, less than 2000, or satisfy some suitable conditions. Our Theorem 1.3 implies that Conjecture 1.5 also holds when Γ is a finite almost simple group in which its socle has prime index.
Preliminaries
In this section, let Γ be a finite group. 2.1. Regular subgroups in the holomorph. Let ∆ be a finite group, not necessarily of the same order as Γ. Let us recall some known methods which may be used to study regular subgroups of Hol(Γ). Definition 2.1. We have the following definitions.
(1) Given f ∈ Hom(∆, Aut(Γ)), a map g from ∆ to Γ is said to be a crossed homomorphism with respect to f if
Write Z 1 f (∆, Γ) for the set of all such crossed homomorphisms. (2) Given ϕ, ψ ∈ Hom(∆, Γ), a fixed point of (ϕ, ψ) is an element δ ∈ ∆ such that ϕ(δ) = ψ(δ), and (ϕ, ψ) is said to be fixed point free if it has no fixed point other than 1 ∆ . 
as f ranges over Hom(∆, Aut(Γ)) and g over the bijective maps in
Proof. This follows directly from the definition that Hol(Γ) = ρ(Γ) ⋊ Aut(Γ); or see [19, Proposition 2 .1] for a proof.
where conj(−) = λ(−)ρ(−). Then:
The fixed points of (f, h) are precisely the elements of g
Proof. See [22, Proposition 3.4] for (a), and the rest are easily verified.
Recall that a subgroup Λ of Γ is said to be characteristic if ϕ(Λ) = Λ for all ϕ ∈ Aut(Γ). In this case, clearly Λ is normal in Γ, and
is a well-defined homomorphism. 
Proof. This is clear; also see [19, Proposition 4 .1] for a proof of (b).
Following the ideas in [4] Proof. Since Λ is normal in Γ, we have a homomorphism Proof. Let Λ be any normal subgroup of Γ. Note that Λ ∩ A is normal in A.
Since A is simple, there are only two possibilities.
• Λ ∩ A = A : Then A ⊂ Λ, so Λ = A or Λ = Γ since A has prime index in Γ.
• Λ ∩ A = 1 : Then Λ has exponent dividing p. The projection of Λ onto A, which is normal in A, hence cannot be A and so must be trivial. It follows that Λ ⊂ C p , so Λ = 1 or Λ = C p .
This proves (a), which in turn implies (b) and then (c). The next lemma gives some consequences of the classification of finite simple groups which we shall need. Let G be a regular subgroup of Hol(N ) isomorphic to G which is not equal to λ(N ) or ρ(N ). By Proposition 2.2, we know that
We may also rewrite it as
is defined as in (2.2). Note that both f and h are non-trivial because
in which case we would have equality by the regularity of G. From (1.7), we then deduce that ker(f) and ker(h) are either trivial or equal to A.
Lemma 3.2. The following are true. (a) If f is injective, then G is not normalized by ρ(N ). (b) If h is injective, then G is not normalized by λ(N ).
Proof. Suppose that f is injective. For any σ ∈ G and η ∈ N , we have
By the injectivity of f, the above element lies in G if and only if
But h is non-trivial and so G is not normalized by ρ(G). This proves (a), and a similar argument using (3.1) shows (b).
Note that A is characteristic in N . This is Lemma 2.6(b) if N ≃ A × C p , and is because A is the socle of N if N is almost simple. Hence, we have
defined as in Proposition 2.4 and (2.2). Note that
This, together with (1.7), implies that f A is trivial, and so g A is a homomorphism by Proposition 2.3(c). But N/A ≃ C p , and g A is surjective because g is bijective. Again from (1.7), we see that ker(g A ) = A, which gives g(A) = A. This equality shall be important in the arguments that follow. Note that h A is trivial similarly by (1.7).
For any σ ∈ G and η ∈ N , since f A and h A are trivial, we have
Let us rewrite the above as
We may now prove the next lemmas.
Lemma 3.3. The following are true.
Proof. Suppose that ker(f) = A. For any σ ∈ G and η ∈ N , we have
where σ η,h ∈ A. Since ker(f) = A, from Proposition 2.3(c), we deduce that (Z(N )), which has size |Z(N )| because g is bijective, is precisely the set of fixed points of (f, h). We have
where the latter holds by Lemma 2.7(a). Then, clearly ker(f) and ker(h) are not both A, because elements of ker(f) ∩ ker(h) are fixed points of (f, h).
Suppose for contradiction that both f and h are injective. If N ≃ A × C p , then in the notation of Lemma 2.6(c), both f(A), h(A) ≃ A project trivially onto Aut(C p ) ≃ C p−1 , whence they lie in Aut(A). If N is almost simple with socle A, then Aut(N ) embeds into Aut(A) by Lemma 2.7(b). In both cases, we deduce from Lemma 2.8(c) that f(A) = h(A), which we shall denote by A. Then, via restriction f and h induce isomorphisms res(f), res(h) : A −→ A, and res(f) −1 • res(h) ∈ Aut(A).
The set of fixed points of res(f) −1 • res(h) is equal to g Proof of Proposition 3.1. To summarize, we have shown:
• If ker(h) = 1 and ker(f) = A, then G is normalized by ρ(N ) but not λ(N ).
• If ker(f) = 1 and ker(h) = A, then G is normalized by λ(N ) but not ρ(N ).
Moreover, these are the only possibilities, and so the claim follows. Ξ N , which is a regular subgroup of Perm(N ) isomorphic to G. In summary:
Recall that Hol(N ) is the normalizer of λ(N ) in Perm(N ). Since λ(G) normalizes N , we see that G lies in Hol(N ). Similarly, we have
If N is not equal to λ(G) or ρ(G), then G is not equal to λ(N ) or ρ(N ), and the above together with Proposition 3.1 show that exactly one of N and N ⋆ normalizes λ(G). The claim now follows.
Proof of Proposition 3.5. Define
By Lemma 3.6, the number e(G, N ) in (1.1) is equal to κ(N ) + 2 · # regular subgroups of Hol(G) other than λ(G), ρ(G) which are isomorphic to N and normalized by λ(G) .
The claim is then clear.
The case when
In this section, assume that N = A × C p , and fix a generator ǫ of C p . We shall apply Proposition 3.5 to prove Theorem 1.2. Let us define
to be the inner holomorph of G, which is a subgroup of Hol(G). Proof. Let N be a regular subgroup of Hol(G) isomorphic to N . Write
Since G has trivial center by Lemma 2.7(a), the pair (f, h) is fixed point free by Proposition 2.3(b). It follows that A cannot lie in both ker(f) and ker(h), so at least one of f and h is injective on A.
Without loss of generality, let us assume that f is injective on A. Then, by Lemmas 2.7(b) and 2.8(c), we see that f(A) ≃ A is the subgroup of Inn(G) consisting of the inner automorphisms
Put θ = f(ǫ), which commutes with f(A)
Since G has trivial center, we deduce that θ| A = Id A , and so in fact θ = Id G by Lemma 2.7(b). This proves f(N ) = f(A), whence the claim. Now, since G has trivial center, the regular subgroups of InHol(G) isomorphic to N are precisely the subgroups of the shape
as f, h range over Hom(N, G) with (f, h) fixed point free, by [6, Proposition 6] or [19, Subsection 2.3.1] . Moreover, each N correspond to exactly |Aut(N )| pairs of (f, h). By Proposition 3.5 and Lemma 4.1, we then see that
In what follows, let f, h ∈ Hom(N, G). Note that both ker(f ) and ker(h) are non-trivial because N is not isomorphic to G. For the pair (f, h) to be fixed point free, the subgroups ker(f ) and ker(h) must intersect trivially, whence by Lemma 2.6(a), exactly one of them is A and the other is C p . Also, notice that by Lemma 2.8(c), we must have h(A) = A if ker(h) = C p and similarly f (A) = A if ker(f ) = C p .
Lemma 4.2. Let N = N (f,h) be as above. (a) If ker(h) = C p and ker(f ) = A, then N is not normalized by λ(G). (b) If ker(f ) = C p and ker(h) = A, then N is normalized by λ(G).
Proof. For any η ∈ N and σ ∈ G, we have
Note that ρ(G) and λ(G) intersect trivially since G has trivial center. Thus, for N to be normalized by λ(G), the subgroup f (N ), which is non-trivial in both parts, is normal in G and in particular contains A. This yields (a). Now, suppose that ker(f ) = C p and ker(h) = A. Write η = aǫ i for a ∈ A and i ∈ Z. Since f (A) = A and A is normal in G, there exists a σ ∈ A such that f (a σ ) = σf (a)σ
which lies in N . This proves (b).
Lemma 4.3. Suppose that ker(f ) = C p and ker(h) = A. Then (f, h) is fixed point free if and only if h(ǫ) ∈ A.
Proof. Again f (A) = A. If h(ǫ) ∈ A, then f (a) = h(ǫ) for a ∈ A, and aǫ = 1 N is a fixed point of (f, h). If h(ǫ) / ∈ A, then f (N ) ∩ h(N ) is trivial, and (f, h) is fixed point free because ker(f ) ∩ ker(h) is also trivial.
Proof of Theorem 1.2. By Lemmas 4.2 and 4.3 we have
where we define
We have |Aut(N )| = (p − 1)|Aut(A)| by Lemma 2.6(c). Also, it is clear that e 2 (G, N ) = #{σ ∈ G \ A : σ has order p}, and e 1 (G, N ) = |Aut(A)| because f (A) = A whenever ker(f ) = C p . The theorem now follows.
The case when N is non-perfect
In this section, assume that N is non-perfect and e(G, N ) is non-zero. We shall prove Theorem 1.3. By (1.2) and Proposition 2.2, there exist f ∈ Hom(G, Aut(N )) and a bijective g ∈ Z Recall that f and g, respectively, induce 
· 3t with t ∈ N.
We are left with case (b) and the claim now follows.
To deal with the remaining case in (5.2), we shall follow [4, Section 4] and use [13, 17] , which give lower bounds for the degrees of projective irreducible representations of projective special linear groups in cross characteristics. In particular, we shall use the version stated in [4, Theorem 4.3] .
Proof. Suppose that A is as in (5.2) with m ≥ 2, and in particular
We already know by [23, Lemma 4.1(a)] that A does not embed into GL 2 (p). Hence, we may assume m ≥ 3, and together with (5.3), we deduce that (n, q) = (3, 2), (2, 4) , (3, 4) , (4, 2) , (4, 3) , (2, 9) .
Suppose now that A embeds into GL m (p). By [4, Theorem 4 .3], we have:
In the first case, we have
Since m ≥ 3, this yields (p, m) = (2, 3), which cannot satisfy (5.3) for n ≥ 3.
In the second case, we have
Since m ≥ 3, this yields (p, m) = (2, 3) or (2, 4), which corresponds to q = 3 or 7, respectively, for n = 2. But PSL 2 (3) is non-simple, so we are left with the case A ≃ PSL 2 (7), whence the claim. Proof of Theorem 1.3. Suppose first that A ≃ PSL 2 (7). Then G ≃ PGL 2 (7), and by [23, Theorem 1.10], we know that e(PGL 2 (7), N ) = 0 for all solvable N .
Since PGL 2 (7) and PSL 2 (7) × C 2 are the only non-perfect insolvable groups of order 336, we see that Theorem 1.3 holds in this case.
Suppose now that A ≃ PSL 2 (7). Then g −1 (M) = A by Lemma 5.4, and so e(A, M) = 0 by [23, Proposition 3.3] ; this simply follows from Proposition 2.2 by restricting f and g. Since A is non-abelian simple, by [4] , this implies that M ≃ A. Since [N : M] = p, the theorem follows from Lemma 2.5.
The case when N is perfect
In this section, assume that N is perfect and e(G, N ) is non-zero. We shall prove Theorem 1.4. As in Section 5, by (1.2) and Proposition 2.2, there exist
Also, let h ∈ Hom(G, Aut(N )) be as in (2.2). Let M be any maximal characteristic subgroup of N . We shall show that M = Z(N ) and N/M ≃ A.
Since N is perfect, from (2.3), we see that
where T is non-abelian simple and m ∈ N.
Recall that f and g, respectively, induce
as in Proposition 2.4. 
There exists a prime r = p which divides |T | because groups of prime power order are nilpotent. Then, since
But r m does not divide m! as in the proof of [4, Lemma 3.3] . It follows that A cannot embed into S m and so the homomorphism
is trivial. Since Out(T ) is solvable by Lemma 2.8(a), the homomorphism
(M), and
In both cases A embeds into T m . Observe that the projection of A onto the m components of T m cannot be all trivial, so in fact A embeds into T .
As in Section 5, we shall use [12, Theorem 1] and also the hypothesis that A has index p in G. The former lists the subgroups of prime power index in a finite non-abelian simple group while the latter implies that p divides the order of the outer automorphism group Out(A) of A. 
and we see that p cannot divide |Out(PSL n (q))|. Hence, all four cases (a) to (d) are impossible, so necessarily |M| = p, as desired.
Proof of Theorem 1.4 Condition (1). So far, we have shown that
A embeds into T , N/M ≃ T, and |M| = p.
By comparing orders, in fact T ≃ A. We have a homomorphism
because M is normal. But it must be trivial since N is perfect while Aut(M) is cyclic. This means that M ⊂ Z(N ), and so M = Z(N ) by the maximality of M. This claim then follows. Now, we know that N is quasisimple, with N/Z(N ) ≃ A and |Z(N )| = p. Using this, we may prove the next two lemmas. Lemma 6.4 tells us that f and h, respectively, induce isomorphisms
where f (σ), h(σ) ∈ N are such that for all x ∈ N , we have
Since g is bijective, by Proposition 2.4(b), we know that g −1
(Z(N )) = ζ for some element ζ ∈ G of order p. Note also that Z(N ) = g(ζ) .
Proof of Theorem 1.4 Condition (2). Consider
• h, which is an automorphism on A. For any σ ∈ A, we have
by Proposition 2.3(b). Since ϕ has a non-trivial fixed point by Lemma 2.8(b), we deduce that ζ ∈ A, and ϕ has exactly p fixed points, namely the elements of ζ . This proves the claim. Now, we also know that ζ ∈ A, so the element f (ζ) ∈ N is defined.
Proof of Theorem 1.4 Condition (3). Take ζ = f (ζ), and ζZ(N ) = f (ζ) has order p because f is an isomorphism. Suppose for contradiction that there is an element η ∈ N such that
Let j ∈ Z be such that ij ≡ −1 (mod p), and write η j = g(σ), where σ ∈ G. Then, since g(ζ) ∈ Z(N ), raising the above equation to the jth power yields
But this implies that
which contradicts that g is bijective. This completes the proof.
Lemma 6.5. For any σ ∈ G such that f(σ) fixes Z(N ) pointwise, we have
Proof. In the case that f(σ) fixes Z(N ) pointwise, we have
Since g is bijective and g(ζ) ∈ Z(N ), we see that the claim holds.
Let us use Cent * (−) to denote the centralizer in a given group * .
Proof of Theorem 1.4 Condition (4)
. By the proof of condition (3), the map
is surjective. Its kernel is clearly Z(N ), and this implies that
where the second equality holds because f is an isomorphism. Suppose that Z(N ) is fixed pointwise by Aut(N ). Then, from Lemma 6.5, we see that
Putting the equalities together, we obtain
for which the claim follows.
Almost simple groups of alternating or sporadic type
In this section, let Γ be a finite almost simple group, which is non-simple, and whose socle is an alternating group or a sporadic simple group. We shall apply our theorems to determine the numbers e(Γ, ∆) for all groups ∆ of the same order as Γ, except when Γ ≃ Aut(A 6 ).
First, suppose that the socle of Γ is an alternating group. It is known that Out(A n ) ≃ C 2 for n ≥ 5 with n = 6, and Out(A 6 ) = C 2 × C 2 .
Hence, we have Γ ≃ S n with n ≥ 5, or Γ ≃ PGL 2 (9), M 10 , Aut(A 6 ).
For Γ ≃ S n with n ≥ 5, the numbers e(S n , ∆) are already known by [8] and [21] . For both Γ ≃ PGL 2 (9), M 10 , by Theorems 1.3 and 1.4(a), we know that e(Γ, ∆) = 0 only if ∆ ≃ A 6 × C 2 , S 6 , PGL 2 (9), M 10 , 2A 6 , where 2A 6 is the double cover of A 6 . By applying Theorems 1.1 and 1.2, we computed in Magma [1] that    e(PGL 2 (9), PGL 2 (9)) = 92 and e(PGL 2 (9), A 6 × C 2 ) = 72, e(M 10 , M 10 ) = 92 and e(M 10 , A 6 × C 2 ) = 0.
Since 2A 6 does not satisfy condition (3) in Theorem 1.4, by [21, Lemma 2.7] for example, we also have e(PGL 2 (9), 2A 6 ) = 0 = e(M 10 , 2A 6 ).
Using (1.2) and a similar code as in the appendix of [21] , we found that    e(PGL 2 (9), S 6 ) = 0 and e(PGL 2 (9), M 10 ) = 60, e(M 10 , S 6 ) = 72 and e(M 10 , PGL 2 (9)) = 60.
We have thus determined e(Γ, ∆) completely except when Γ ≃ Aut(A 6 ).
Remark 7.1. Observe that e(Γ 1 , Γ 2 ) = e(Γ 2 , Γ 1 ) for all Γ 1 , Γ 2 ∈ {S 6 , PGL 2 (9), M 10 } by the above and (1.5). These symmetries could possibly be a special case of a more general phenomenon, and perhaps come from the fact that Aut(A 6 ) ≃ Aut(S 6 ) ≃ Aut(PGL 2 (9)) ≃ Aut(M 10 ), together with the formulae in (1.2) and Proposition 3.5.
Next, suppose that the socle of Γ is one of the 26 sporadic simple groups. The outer automorphism group of sporadic simple groups has order dividing two, and is non-trivial for exactly for 12 of them. In particular, we have The element structures of A as well as its covers and Aut(A) are available in the Atlas [25] . Using [25] and Theorem 1.1, the number e(Γ, Γ) has already been computed in [22, p. 953 For these six sporadic simple groups A, based on [25] , there is no element in Aut(A) whose centralizer has order 2 or 4. This implies that condition (2) in Theorem 1.4 is not satisfied, so e(Γ, ∆) = 0 if ∆ is a double cover of A. We have thus determined e(Γ, ∆) completely.
